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Abstract The aim of this study is to benchmark two Bayesian
software tools, namely Stan and GNU MCSim, that use dif-
ferent Markov Chain Monte Carlo (MCMC) methods for
the estimation of Physiologycally Based Pharmacokinetic
(PBPK) model parameters. The software tools were applied
and compared on the problem of updating the parameters of
a Diazepam PBPK model, using time-concentration human
data. Both tools produced very good fits at the individual
and population levels, despite the fact that GNU MCSim is
not able to consider multivariate distributions. Stan outper-
formed GNU MCSim in sampling efficiency, due to its al-
most uncorrelated sampling. However, GNU MCSim exhib-
ited much faster convergence and performed better in terms
of effective samples produced per unit of time.
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Introduction

Pharmacokinetics is the field that studies the time evolu-
tion of absorption, distribution, metabolism and excretion
(ADME) of drugs in humans and animals. Prof. Macheras
has contributed extensively and opened new research direc-
tions in the field [1]. He actually introduced and developed
this field in Greece and founded the Laboratory of Biophar-
maceutics and Pharmacokinetics at the University of Athens,
Faculty of Pharmacy. Since then, many researchers from the
pharmaceutics research area and beyond have been moti-
vated by his work to become engaged in the field of phar-
macokinetics.

One of the main tools in studying the pharmacokinet-
ics of an organism is compartmental modeling, which mod-
els a biological system through interconnected subunits. De-
pending on the available data and the goal of the modeling
process, there are two broad classes of compartmental mod-
els: Empirical models, which are build to fit observations
and follow a ”top down” approach, and the physiologically-
based pharmacokinetic (PBPK) models, which make use of
prior physiological knowledge and take a ”bottom up” ap-
proach [2]. In empirical models, the number of compart-
ments is chosen based on goodness of fit. Thus, parameter
values have no physiological interpretation and those mod-
els can mainly be used for interpolation of drug concentra-
tion within the studied population and statistical evaluation
of its apparent kinetics [3]. On the other hand, PBPK models
are mechanistic; they break a complex system into individ-
ual parts whose functioning and interaction is determined
by the underlying physiology and mechanistic data on their
specific parameters.

The main parameters of a PBPK model are tissue vol-
umes and blood flows and as a consequence, the structural
model is confined to the physiology of the species under ex-
amination [4]. Besides these drug-independent physiologi-
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cal parameters, PBPK models incorporate information about
the drug as well, through the drug-related parameters. Whole
body PBPK models (WBPBPK) are a category of particu-
lar interest where the body is represented by a closed cir-
culation system consisting of several tissues than are im-
portant for the ADME processes. Mass balance equations
are used to describe regional blood flows, the arterial and
venous blood pools connect the tissues, and a lung compart-
ment closes the blood loop [5]. The number and type of com-
partments included is determined by several factors such as
the target compound, the animal species and the adminis-
tration route. Increasing the number of compartments and
sub-compartments increases complexity since more data are
needed to determine the model parameters, making large
models impractical.

The mechanistic nature of the PBPK models offers many
advantages. First of all, it allows the prediction not only of
plasma but also of tissue pharmacokinetic profiles, before
conducting in vivo experiments. This is enabled by the mod-
ular scheme; information can be gathered for each compart-
ment separately through in vitro experiments or from litera-
ture sources. Adding to that, the complex structure that in-
cludes both drug-related and physiological parameters per-
mits the creation of more informative models, where data
from independent sources (especially for the physiological
parameters) can be integrated together with the drug spe-
cific experimental results to create a model with more robust
inference capabilities [4]. The fact that most physiological
parameters can be found in literature, coupled with the fact
that most mammals share the same PBPK structure leads to
the ability to perform both inter and intra-species extrapola-
tion. These tools allow for example to extrapolate pharma-
cokinetics from rats to humans and from adults to children.
PBPK modeling can also be used for predicting drug-drug
interactions [6].

As stated above, the physiological parameters of a PBPK
model can be derived from several sources. The drug-related
parameters can be obtained from in vitro experiments or in
silico methods. Therefore, PBPK modeling can be used in
the drug development phase as a simulation tool [7]. How-
ever, extrapolation to humans is a sensitive process and fine
tunning to clinical data is needed in order to produce more
robust inferences.

There are several methods for estimating drug-related
parameters based on the information provided by clinical
data [2]. Among them, Bayesian inference is a powerful nat-
ural route for refining an estimation based on new data. In
this case, preclinical data constitute the prior belief which
is updated with the clinical data, resulting in a new esti-
mation in the form of a (posterior) distribution. One of the
major advantages of the Bayesian approach is the inherent
way in which the quantification of the estimation uncertainty
is handled, through the shape of the posterior distribution.

This increases the estimation reliability and is also very im-
portant in the extrapolation procedure, where it enables the
incorporation of uncertainty in the model predictions. More-
over, if the Bayesian framework is combined with hierarchi-
cal modeling, then both the individual and population levels
can be described by the model [8, 9]. In that way, the inter-
individual variability can be quantified and thus it can be
separated from the inherent uncertainty of the data [10, 11].
One way to account for inter-individual variability is to cre-
ate a covariate model for the physiological parameters and
to assign them random effects, considering all drug-related
parameters as fixed effects having a ”global” impact [12].
An alternative approach is to use again a covariate model
for explaining a part of the inter-individual variability, with
physiological parameters as fixed effects and drug-related
parameters as random effects [6]. This can be extended to
include intra-individual or inter-study variability [13, 14].

The cases where Bayesian inference can be implemented
directly through the use of the Bayesian theorem are lim-
ited due to the difficulty of approximating the denominator,
which -in most cases- is a multidimensional integral. This
is the reason why Bayesian inference is usually conducted
through Markov Chain Monte Carlo (MCMC). MCMC is
a class of algorithms that, under certain assumptions, sam-
ple directly from the unknown target distribution (posterior),
which is summarized at the end of the procedure by the col-
lected samples [15]. There are two main groups of MCMC
algorithms: the random walk MCMC and the non-random
walk MCMC. In the first group the most popular methods
are the Metropolis-Hastings algorithm, the Gibbs sampler
and the reversible jump MCMC, while the most known non-
random walk MCMC is the Hamiltonian Monte Carlo (HMC).

There exist many free software platforms that allow the
user to design the statistical model and perform Bayesian
inference through variants of the MCMC method. Among
them, the GNU MCSim software [16] has been used success-
fully in estimating parameters in PBPK modeling problems.
GNU MCSim uses a Metropolis-Hastings algorithm to per-
form stochastic simulations. The GNU MCSim project be-
gan in 1991, but is consistently updated and extended with
updated releases each year. Stan [17] is a newer software
language for statistical inference, and was initially released
in 2012. MCMC sampling in Stan is typically performed us-
ing the no-U-turn sampler [18], which is an adaptive variant
of Hamiltonian Monte Carlo, but the user can also chose to
implement static HMC. Stan has been applied in various ar-
eas, such as social sciences and finance, but to the best of
our knowledge, no applications have been published on the
use of Stan in PBPK modeling. In this paper, the two soft-
ware platforms are used to deploy a hierarchical Bayesian
model and estimate the drug-related parameters of an exist-
ing WBPBPK model, based on published clinical data, ex-
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tending the comparison between NONMEM and Winbugs
performed by Langdon et al. [19].

Materials and methods

The modeling approach of this work builds on the work of
Gueorguieva et al. [20]. The same clinical data were used
[21] in order to update prior pharmacokinetic knowledge
gained from preclinical rat experiments. We use a slightly
different statistical model and a covariate model to explain
part of the inter-individual variability of the study popula-
tion.

Clinical data

The available concentration data refer to two different groups
of healthy adults, which have been described in a previous
study [21], one group of 12 healthy male and female volun-
teers and another group of 11 healthy male volunteers. All
patients received a single dose of diazepam via intravenous
infusion over 15-30 seconds. The dose was 5 to 10 mg and
was adjusted for body weight. Following the administration
of the drug, venous plasma samples were collected at 0.083,
0.25, 0.5, 0.75, 1, 1.5, 2, 3, 4, 6, 8, 10, 12, 24, 30, 36, 48
and 72 hours. In addition to the plasma data, the age, body
weight and gender of each individual were available.

Structural model

The detailed description of the PBPK model used can be
found in [22]. Its schematic representation can be seen in
Fig. 1. It consists of 11 compartments describing the concen-
tration of the drug in various tissues, namely liver (LI), kid-
ney (KI), brain (BR), intestine (IN), stomach (S T ), muscle
(MU), adipose (AD), skin (S K), gonads (GO), heart (HT )
and lungs (LU), one compartment to model the rest of the
body (RE) as well as two blood pools; venous (VEN) and
arterial (ART ). The parameters of the model are divided into
drug-dependent and physiological (drug-independent) param-
eters. The first category comprises eleven tissue-to-plasma
partition coefficients (K p), fraction unbound in plasma ( f u),
blood-to-plasma ratio (R), and intrinsic hepatic clearance
(CLint, in L/h). The physiological parameters of the model
are simply the regional tissue blood flows (Q) and tissue vol-
umes (V).

For the current analysis, the same parameterization as
in [19] was followed. Specifically, fu was set to 0.015 and R
was assumed to be equal to 0.65. Moreover, the K p’s were
scaled by assuming that the unbound equilibrium tissue-to-
venous blood concentration ratio (K pUB) are identical for
humans and rats. Therefore, K p values were obtained by

Fig. 1 Schematic presentation of the WBPBPK model of diazepam
[22].

scaling the rat posterior results of winbugs (Table III of [20])
using Eq. 1 (except for K p for the rest of the body, which
was set to 2.2 as in [19]). The K p values are presented in
Table 1.

furat = 0.15,Rrat = 1 [19]

K pUBrat = K pUBhuman

K pUB = K p · R

⇒ K phuman =
K prat

6.5
(1)

Covariate model for body mass-dependent parameters

Physiological parameters were calculated for each subject
using body mass and sex. Blood flows were calculated as a
percentage of total cardiac output (TCO), using the coeffi-
cients provided by [23] (Table 2). The total cardiac output
of each individual was in turn considered to be a function of
the body mass calculated as:

TCO = 11.22 · BM0.81
tot (2)
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Table 1 K p values after scaling the posterior results of the rat model
of [20].

Tissue K p

Lungs 0.71
Intestines 0.53
Stomach 0.75
Liver 1.35
Brain 0.32
Heart 0.86
Kidney 0.73
Skin 0.46
Muscle 0.56
Adipose 3.34
Gonads 0.76
Rest of the Body 2.2

where CO is the total cardiac output in L/h and BMtot the
subject’s body mass in kg [24].

Table 2 Percentage of TCO received by each tissue [23].

Tissue percentage of TCO (%)

Lungs 100
Intestines 14
Stomach 1
Liver 6.5
Brain 12
Heart 4
Kidney 19
Skin 5
Muscle 17
Adipose 5
Testes 0.5
Uterus 0.2

To calculate tissue volumes, the method described in [25]
was used. A 5th degree polynomial gave the percentage of
total body mass of each tissue (Eq. 3) as a function of the
body mass, up to 75 kg for males and 65 kg for females.

BMi = X0 + X1 · BMtot + X2 · BM2
tot+X3 · BM3

tot

+X4 · BM4
tot + X5 · BM5

tot

(3)

where BMi is the percentage of tissue i with respect to to-
tal body mass, and BMtot is the body mass of the subject in
grams. For higher body masses, constant percentages were
used as described in [25]. The polynomial coefficients, Xi,
are different for males and females and can be found in Ap-
pendix A.

Statistical model

Statistical inference was made on three parameters: CLint,
the metabolic clearance of the drug; K pAD, the adipose tissue-

to-plasma partition coefficient;and f K p, a scaling factor mul-
tiplying the rest of the K p’s.

A three stage hierarchical model was adopted to describe
the data collection process. This enabled the description of
both the inter-individual variability and uncertainty of the
selected drug-related parameters, as well as the quantifica-
tion of the residual variability which is mainly a result of
model misspecification and measurement errors [26]. The
first stage of the model described the model likelihood, where
proportional errors were modeled by a log-normal distribu-
tion (Eq. 4). The second stage of the model, presented in Eq.
5, refers to the individual level, where log-normality around
a population mean was assumed for all parameters. The third
stage of the model consisted of distributional assumptions of
the population level, i.e., priors placed on the population pa-
rameters (Eq. 6).

Suppose that N blood samples, indexed by j, were drawn
for each of the M individuals indexed by i. Let the jth mea-
surement of individual i be denoted by yi j, the associated
time by ti j and the related individual dose by Di. Denote by
θi the p-dimensional vector of drug-related parameters of in-
dividual i, by σ2 the residual variance of the model, and by
f (·) the structural model. The hierarchical model is then:

First stage

p
(

log (yi j)|θi, σ
2) ∝ N

(
log

(
f (Di; ti j; θi)

)
, σ2

)
(4)

Second stage

p(θtri |µ,Ω) = MVNp(µ,Ω)

θi = eθtri
(5)

Third stage

p(µ) = MVNp(η,H)

Ω = diag(s) ·C · diag(s)

p(s) = Nhal f (0, 1)

p(C) = LKJ(a)

p(σ) = Nhal f (0, 1)

(6)

where MVNp stands for the p-variate normal distribution, Ω
is the population variance-covariance matrix (size 3 × 3), s
a vector of dimension 3, Nhal f is the half-normal distribu-
tion, and C a prior correlation matrix. As suggested in [27],
a Lewandowski-Kurowicka-Joe (LKJ) prior was assigned
to the correlation matrix [28]. The hyper-parameter values
were:
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η̃ = (70.8, 1, 3.34)

η̃std = (62.5, 1, 0.44)

η = log
(

η̃2√
η̃2

std + η̃2

)

Hmn =

log
( η̃2

std
η̃2 + 1

)
, for m = n

0, otherwise

a = 5

(7)

The standard deviations, as well as the prior mean of the
clearance were identical to the ones used in [19] for com-
parison reasons. The above approach describes a centered
parameterization of the statistical model. Besides this most
common parameterization, a non-centered parameterization
was also investigated to assess its impact on results. Model
parameterization, especially in hierarchical structures, has
a decisive role in the performance of the sampler [29]. The
centered form can be converted to the non-centered one through
the transformation given by Eq. 8. The non-centered param-
eterization was used to model the random effects, i.e. the
individual level.

X ∼ N(µ, σ2)→ X = µ + σ · y

y ∼ N(0, 1)
(8)

The above model was slightly simplified for the GNU
MCSim, which does not offer MVN or LKJ sampling. In
that case, Eq. 5 first line was simplified as:

p(θtri |µ,Ω) = N(µ,Ω) (9)

while Eq. 6 became:

p(µ) = N(η,H)

Ω = Nhal f (0, 1)

p(σ) = Nhal f (0, 1)

(10)

Software Tools for Bayesian Inference

The first Bayesian tool used for obtaining the posterior dis-
tribution of the parameters was Stan, which is a statistical
modeling language that can be used through many interfaces
such as R, Python and Matlab and includes MCMC sam-
pling, variational inference and penalized maximum likeli-
hood estimation with optimization. Its major difference with
other MCMC tools is that it avoids random walk. This is
managed through the utilization of Hamiltonian dynamics
for the proposal. Imagine a particle with some position and
momentum moving over time in a frictionless space. The

model parameters correspond to the position vector and an
auxiliary vector is also introduced, representing the momen-
tum vector. The potential and kinetic energy related to the
position and momentum vector constitute the total energy
(Hamiltonian), which remains constant over time due to the
absence of friction. The position and momentum of the par-
ticle can be calculated by solving the Hamilton’s equations
(a system of partial derivatives) [30]. In each iteration, the
particle is given a random momentum and is left to move
in space for a certain amount of time. The position at the
end of the trajectory followed by the particle, composes the
proposal of the algorithm. The solution of the Hamiltonian
system requires a discretization, so the trajectories are char-
acterized by a step size and a number of steps. These param-
eters are crucial for the success of the algorithm and need to
be tuned by the user in static HMC implementations. If the
trajectory is too small, the algorithm will use a very small
pace or will not be able to explore the entire parametric
space. On the contrary, if the trajectory is too long, it will
backtrack and waste computational resources [31]. Stan uses
the No-U-Turn sampler (NUTS), a dynamic sampler that au-
tomatically tunes these parameters (together with others like
the Mass matrix) through the warm-up period.

The nature of the HMC algorithm allows Stan to offer
some very helpful diagnostic tools, which generate alerts in
the process of model building that are reported at the end
of each run. These diagnostic tools reveal pathologies that
are model-inherent but cannot be recognized by tools that
do not apply HMC. Divergence transitions is one diagnostic
tool that indicates pathological neighborhoods of the pos-
terior which are not sufficiently explored by the simulated
Hamiltonian trajectories. In this case the Markov chains do
not completely explore the posterior and the MCMC esti-
mators are biased. Another tool is the maximum tree depth
(check tree depth in Stan) that is related with NUTS. A non-
zero value of this diagnostic metric suggests that the pos-
terior includes regions of very low curvature, which is an-
other type of pathology [32]. Finally, reviewing the energy
Bayesian Fraction of Missing Information (E-BFMI) (op-
tion check energy in Stan) informs the user about problems
in the pace of exploration. In general, if any of these tools
suggests that there are pathologies, the user can rebuild the
statistical model, and change parameterizations or priors.
For divergent transitions, there is a chance of observing false
positives, in which case an increase of the step size (adapt delta
in Stan) will reduce them to zero.

Another major advantage of the HMC algorithm is that
it informs the proposal about the target distribution through
numerical approximation of its gradient. This is in contrast
to usual MCMC methods where the proposal is unrelated to
the target distribution (posterior). Therefore, HMC performs
better in high dimensional problems where the posterior has
high curvature compared to other MCMC methods which
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get stuck or tend to explore the posterior at a very low rate.
Stan offers both static HMC and NUTS. The reader is re-
ferred to [30, 31, 33] for a detailed description of HMC and
to [18] for an in-depth review of the NUTS sampler. The in-
terface used in this study was RStan v.2.17.3. For sampling,
NUTS was preferred to (static) HMC.

Stan offers three approaches for solving a system of dif-
ferential equations: numerical solution via a non-stiff solver
(integrate ode rk45), a stiff solver(integrate ode bdf ) and
the matrix exponential method (matrix exp) [27]. In the lat-
ter case, the system must be linear (which is the case for
the diazepam model) and has to be cast in a matrix form, A,
whose solution is given by Eq.11:

x(t) = etA · x0

etA =

∞∑
k=0

1
k!

(tA)k (11)

The second Bayesian tool was GNU MCSim [16, 34]. It
offers a simulation language, Monte Carlo and MCMC sam-
pling, tempered MCMC sampling, stochastic optimization
and experimental design optimization. User-defined models
are compiled, as in Stan. Numerical integration of differen-
tial equations can be performed by the very efficient stiff
ODE solvers Lsodes or Cvodes [35]. We used here Lsodes
(for stiff ODEs, with relative and absolute tolerances of 10−6)
and the simple component by component Metropolis-Hasting
sampler. The (Gaussian) proposal kernels are adapted au-
tomatically to yield a satisfactory jump frequency for each
sampled parameter.

Model specifications

The models on both platforms were run with 4 chains with
5,000 samples each. The model that was built with GNU
MCSim had a warm-up period (initial samples that are dis-
carded, also termed burn-in period) of 1,000 iterations, while
the model in Stan used 400 warm-up iterations. The role
of warm-up period is different in the two software tools: in
GNU MCSim, its length is chosen by the user and simply
reduces the output size; the user has to check convergence
to the target distribution independently. In Stan the warm-
up period spans both convergence and tuning of the HMC
parameters if NUTS is used. The warm-up period in Stan is
more time consuming per iteration than the sampling period
because of the adaptation of computational parameters, such
as the target acceptance rate (termed adapt delta), which are
then used in all sampling iterations.

Both models were run on a computer with an Intel Core
i7-8700 (3.2 GHz), 16 GB RAM and windows 10 OS.Their
computational efficiency was measured in terms of effective
sample size (Neff), an estimate of the number of independent

samples drawn. Smaller effective sample sizes lead to less
accurate posterior distribution estimates. Since each param-
eter has a different Neff, two metrics were used: the average
effective samples over all parameters (85 parameters in to-
tal: 3 population means, 3 population variances, 9 correla-
tion coefficients, 69 individual parameters, and model error)
and the minimum number of effective samples (i.e., Neff for
the least efficiently sampled parameter). There are also sev-
eral ways to calculate Neff: to be consistent, the same RStan
function monitor(), which uses both cross-chain and within-
chain calculations [36], was used to obtain Neff for both out-
puts.

Results

Comparison on computational efficiency

The two MCMC samplers were compared with respect to
the posterior parameter distributions they yielded, as well
as their computational efficiency. Efficiency results are pre-
sented in Table 3, where time refers to the computer time
(in seconds) taken to compute all 4 chains in parallel. It is
evident that the NUTS sampler is more efficient than the
sampling method used in GNU MCSim. It is indicative that
in all but two parameters the Stan output had Neff = Nsample,
which demonstrates the low autocorrelation in the produced
chains. Nevertheless, the execution time of GNU MCSim is
much shorter, resulting in a higher overall computational ef-
ficiency of produced effective samples per unit time. Note,
however, that the model assumed by GNU MCSim is some-
what simpler than the Stan model which uses multivariate
distributions in the upper levels of the hierarchy.

Table 3 Comparison of computational efficiency between Stan and
GNU MCSim.

Platform time (s) Neff Neff/s Neffmin Neffmin/s

Stan 5400 19926 3.69 14256 2.64
GNU MCSim 160 2533 15.8 1221 7.63

With regard to solving the system of linear differential
equations in Stan, the most robust method proved to be the
stiff solver (integrate ode bdf ), with relaxed tolerances. Specif-
ically, the lowest time record of 5,400 s for 5,000 samples,
was obtained for relative tolerance, absolute tolerance and
maximum number of steps equal to 10−4, 10−2 and 105 re-
spectively. Use of Stan’s default values (10−6, 10−6 and 10−6

deteriorated the performance and registered an execution time
around 42,100 s. On the other hand, the matrix exponential
method (matrix exp) was much slower, recording 31,000 s
execution time. Use of the non-stiff solver (integrate ode rk45)
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Fig. 2 Comparison of individual parameter estimates between GNU
MCSim and Stan.
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Fig. 3 Comparison of population estimates between GNU MCSim and
Stan. The red crosses represent the mean population estimates while
the blue crosses represent the population variance estimates.

was extremely slow and did not yield any results after a sig-
nificant amount of time. Note the in [19] computation times
were 7,200 s with NONMEM and 601,200 s with WIN-
BUGS, but on a different computer, clocked at 450 MHz.

Comparison on Parameter Estimation

The parameter estimates obtained with the two software tools
were practically identical. This can be seen in Fig.2, where
the log-transformed estimates of the individual parameters
of Stan are plotted against those of GNU MCSim and all fall
on the identity line. The size of the crosses quantifies esti-
mation uncertainty, which is virtually the same for both pro-
grams. Fig. 3 depicts the population estimates, where the red
crosses represent the population means and the blue crosses

represent the population variances. Detailed estimation re-
sults can be found in Appendix B.

Traceplots were used to graphically inspect convergence
of the simulated Markov chains. Fig. 4 presents the trace-
plots of the population parameters in Stan (GNU MCSim
produced similar traceplots). The absence of patterns and
regions were the chains remain static as well as the sim-
ilar behaviour for all chains suggest that convergence has
been achieved. However, graphical diagnostics of conver-
gence are usefully complemented by quantitative criteria.
One such criterion is the potential scale reduction factor (R̂),
which suggests that convergence has been practically reached
if all model parameters have R̂ < 1.2 [37]. In this case, split
R̂ was used, which splits the chains in half (after discarding
the warm-up samples) and checks both mixing and station-
arity. All parameters had a value of R̂ < 1.005, with both
Stan and GNU MCSim. The HMC-related diagnostic tools
did not reveal any pathology, which further enhanced the
validity of the produced results.

Fig. 5 illustrates the posterior vs the prior distributions of
the population means. It is evident that the information con-
tained in the data reduced significantly the prior uncertainty
of CLint and f K p. On the contrary, the variance of K pAD was
considerably increased by the clinical data integration. So in
fact, our prior on that parameter was too precise. These re-
sults also mean that the parameters chosen were identifiable,
given the available data.

Regarding the model fit to the data, Figs. 6 and 7 present
the individual plots for all patients. Most of the patients’ data
were adequately described by the PBPK model.

Fig. 8 and 9 present visual predictive check (VPC) plots
corresponding to the two models, which assess their effi-
ciency in describing inter-individual variability at the popu-
lation level. The circles represent the data from all subjects,
the green dotted line depicts the 5th percentiles of the data,
the solid red line the median and the dotted blue line the 95th
percentiles. These lines were obtained by ordering all obser-
vations at each time instance and extracting the respective
quantiles. The colored ribbons were created by simulating
1,000 sets of 23 virtual patient with physiological charac-
teristics identical to the real patients. For the Stan model, in
each set, population means (µ) and variances (Ω) for CLint,
f K p, and K pAD were drawn from their posterior distribu-
tions and then, for each virtual patient, a triplet of individual
parameters was drawn from MVNp(µ,Ω). The same proce-
dure was followed in the GNU MCSim VPC plot, with the
difference that both the population and individual parame-
ters were drawn from univariate distributions. In each set,
the 5th, 50th and 95th prediction percentiles were calculated
and by ordering the percentiles produced by all 1,000 sets,
the 95 % confidence interval (CI) was calculated for each of
the three percentiles. Thus the pink ribbon on the bottom of
the VPC represents the 95 % CI of the 5th percentile of the
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Fig. 4 Traceplots of the three population parameters (mu[1] = log(CLint), mu[2] = log( f K p), mu[3] = log(K pAD) and s[1], s[2], s[3] the corre-
sponding population variances)*.

model, the gray ribbon represents the 95 % CI of the 50th
percentile of the model and finally the green ribbon depicts
the 95 % CI of the 95th percentile of the model.

Similarly to parameter estimation results, the Stan and
the GNU MCSim VPC plots are almost identical, which im-
plies that the population structure is correctly modeled when
an independence assumption is made at the population level.
In both plots, the 5th, 50th and 95th percentiles of the obser-
vations fall within the 95% CI of the respective percentiles
of the model predictions, which illustrates that the models
describe adequately inter-individual variability.

Choice of Parameterizations and Priors

As stated above, two different model parameterizations were
tested in Stan; the centered and the non-centered one. The
centered parameterization proved to be more efficient, as it
was faster and produced a higher Neff metric for the esti-
mated parameters. More specifically, computation time was
11,000 s for the non-centered model vs. 5400 s for the cen-
tered one. Different computational time affected the Neff met-
ric, which for the non-centered model was 1.73 Neff/s, i.e.
less than half of this metric for the centered model. Increased
computational time for the non-centered model was due to
the extra parameters at the individual level. If the data did
not contain significant information, then the original pos-
terior would have a geometry with high curvature and the

non-centered parameterization would result in simpler ge-
ometries [39], contributing to a speed-up of the posterior
exploration. For the studied combination of PBPK model,
data and statistical model, the resulting geometries did not
include any regions of high curvature (which was suggested
by several graphical inspections) and this is most proba-
bly the reason why the non-centered model was slower. In
addition, the parameter estimates of the centered and non-
centered models were all the same with the exception of
f K p, which differed in both the population and individual
level. More specifically, the non-centered model considered
a higher f K p, which resulted in slightly worse individual
plots and VPC plots.

We also tested the impact of assigning different distribu-
tions to the correlation matrix and to the standard deviation
of the population level (denoted by C and s respectively in
Eq. 6). For s, we compared the results obtained when using a
half-normal vs. a half-Cauchy distribution (see Fig. 10). The
half-normal distribution was tested with scale 1, 10, 100 and
the half-Cauchy with scale 2.5 and 5. No differences can be
seen in the posterior means, but posterior variances are af-
fected. Naturally, the flatter the prior, the higher the posterior
uncertainty.

Regarding C, many values for the shape parameter(a) of
the LKJ distribution were tested. The impact of the shape

* The plots correspond to the Stan model. Similar plots were gener-
ated from the GNU MCSim model.
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Fig. 5 Posterior vs prior densities of the three population parameters*.

Fig. 6 Individual plots presenting the fitted model and the observations
for the first 12 patients*.

parameter can be seen in Fig. 11, where the plot presents
the prior distribution assigned to the non-diagonal element
C[1, 2] for each correlation matrix. As a increases, the prior
assigns less correlation between parameters and gets closer
to the unit correlation matrix, while for values equal or less
than 1, it yields a distribution with shape close to uniform.
The effect of the prior selection on the posterior of the corre-
lation matrix can be seen in Fig. 12. The posterior is heavily
dependent on the prior shape, but the uncertainty of the es-

Fig. 7 Individual plots presenting the fitted model and the observations
for the last 11 patients*.

timation is such that it does not allow any robust inference;
zero correlation among parameters cannot be ruled out. The
only suggestion that can be supported by the graph is the
higher correlation between f K p and K pAD with respect to
the other two correlation pairs, which was expected before-
hand. Moreover, the different priors did not affect signif-
icantly any of the remaining parameters, only small vari-
ations were observed. Examination of the individual plots
and the VPC graph for each scenario did not reveal signifi-
cant changes either. This comes in good agreement with the
similarity between the results of the multivariate model fol-
lowed in Stan and the univariate produced by GNU MCSim.
The results presented above refer to a = 15, because that
shape value produced an output that was found to be slightly
more computationally efficient, as seen in Appendix C.

Finally, another option for building the statistical model
is the Cholesky factorization: One can declare the corre-
lation matrix to be a cholesky factor corr and then adopt
multi normal cholesky instead of multi normal for the 2nd
stage of the model. This approach yielded the same results
but the resulting distribution of the correlation matrix had
a diagonal that slightly deviated from the unit diagonal and
this is the reason why it was not preferred.

Discussion

We re-analyzed with two software programs diazepam pop-
ulation kinetic data with a PBPK model in a purely Bayesian
framework. We chose to infer on diazepam metabolic clear-
ance, its the adipose tissue-to-plasma partition coefficient,
and a scaling factor multiplying the rest of the K p’s. This
choice was based on the fact that clearance had the least
informed prior, the adipose tissue had the slowest distribu-
tion and the highest partition coefficient a priori (making it
an important storage compartment), and that all other parti-
tion coefficients should be scaled with it for coherence (prior
information was as much about the relative values of the
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Fig. 8 Visual predictive check of inter-individual variability produced by the Stan model. Circles represent the data on all individuals (note the
log-log scale). The Ribbons correspond to model predictions (see text).

Fig. 9 Visual predictive check of inter-individual variability produced by the GNU MCSim model. Circles represent the data on all individuals
(note the log-log scale). The Ribbons correspond to model predictions (see text).
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Fig. 10 Impact of different priors on the standard deviation of the pop-
ulation level. The x-axis contains the priors, where hN and hC encode
the half-normal and half-Cauchy distribution respectively.

Fig. 11 Impact of shape parameter a on the LJK prior. The appearing
distribution is applied on each non-diagonal element of the correlation
matrix C.

K p’s than about their magnitude). The small number of se-
lected parameters is also directly connected to the structural
and statistical identifiability problems potentially affecting
complex PBPK models [40,41]. We exercised our judgment
here, and another approach would be to select the most influ-
ential parameters through sensitivity analysis [42]. We did
try alternative choices. For instance, we added the rest of
the body K p to the parameters to infer on (prior informa-
tion about it is weak, as there was no such parameter in the
rat model), but we gained no insight about its true value (its
prior remained unchanged).

The models used in this study have two major differ-
ences with the approach followed in Langdon et al. [19]. The
first is the use of a covariate model for body mass-dependent
parameters in order to partly explain inter-individual vari-
ability. The second concerns the choice of the parameters

Fig. 12 Impact of the prior shape selection on the posterior of the cor-
relation matrix. The bars represent the 95% credible interval. The LKJ
shape parameter a values tested were: 0.5, 1, 2, 5, 10, 15, 20, 40, 50.

for the statistical model. These two differences are respon-
sible for obtaining different results. More specifically, CLint

was found to be 96 L/h instead of about 75 L/h in [19] and all
K ps had different posterior estimations (see Table 3 in [19]).
Almost all partition coefficients in [19] had posterior parti-
tion coefficient values lower than their (rat) prior central esti-
mates. In particular, the partition coefficient of the ”carcass”
(a large compartment by volume) had a vague prior and very
low posterior values (around 0.07) in [19], much different
from the others, which were typically between 0.5 and 1.
Our partition coefficient estimates are all lowered equally
by the scaling coefficient f K p, and therefore they are more
coherent, while avoiding identifiability problems. Still, our
estimate of the partition coefficient for adipose tissue, K pAD,
is similar to the one reported in [19], which indicates that
this parameter is reasonably identified from the data.

Several parameterizations of the hierarchical model were
also tested and we retained the one giving the most stable
results. More specifically, we tried different prior combina-
tions for the correlation matrix and the standard deviation
of the population level. The shape parameter of the LKJ
prior had a substantial impact on the posterior of the cor-
relation matrix, which, however, did not affect the posterior
of any other parameter and, therefore, the goodness-of-fit of
the model on both individual and population levels. Regard-
ing the priors assigned to the population standard deviations,
they did not affect the produced posterior. The comparison
of the centered and non-centered model revealed that the
centered model was more efficient. For the specific combi-
nation of model, data and priors, the posterior of the centered
model proved to be easily explored. This is not always the
case. Non-centered parameterizations are supposed to per-
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form better in hierarchical structures where the data does
not carry strong information [39]. The problem arises when
small variations of the bottom layer of the structure intro-
duce high variations at the top levels. That leads to a poste-
rior distribution of high curvature that is difficult to explore.
In such cases, a non-centered parameterization introduces
transformations between layers, ending up with less corre-
lated variables and a simpler posterior geometry.

One of the main advantages of Stan lies in its HMC-
specific diagnostic tools. A user can receive significant help
by consulting the output of the diagnostics. If the poste-
rior contains pathologies, then the user is alerted and is ad-
vised to reparameterize the model or change priors. These
pathologies cannot be located by global diagnostics, so users
of other MCMC methods cannot be informed by potential
biases included in the produced fits.

However, for models based on differential equations, such
as PBPK models, the algorithms implemented in Stan ap-
pear quite slow. This is in part inherent to the HMC algo-
rithm: The Jacobian of the ODE system, with respect to the
parameters sampled, must be computed at each step, either
by finite differencing or by integration of additional differ-
ential equations. Since integration time typically increases
quadratically with the number of ODEs, HMC incurs a high
computational cost when dealing with ODE models. In this
case, straightforward MCMC simulations are a competitive
alternative. But for simpler algebraic models Stan is usu-
ally faster. Moreover, it performs better in cases where the
posterior geometry is difficult, with regions of high curva-
ture, where algorithms like Metropolis-Hastings explore in
a slow pace or even get stuck [33].

Note again that GNU MCSim does not offer multivariate
sampling and therefore assumed independence, at the sec-
ond and third levels of the hierarchy, between the three pa-
rameters sampled. That must have contributed to better com-
putational performance. However, more importantly, the re-
sults obtained under either independence or correlation as-
sumptions were practically the same (see Figs. 3 and 2).
Therefore, it seems superfluous to use multivariate distribu-
tions for population PBPK models. This is probably due to
the mechanistic nature of the PBPK parameters which do
not lump several processes into a unique value. This can be
taken as a further advantage of PBPK model. The parame-
ters of empirical models (e.g. classical compartmental mod-
els) get more easily entangled because they share lumped
processes. In that case, more complex multivariate models
are required for correct inference.

Conclusions

Two Bayesian software inference tools namely, Stan and
GNU MCSim, were compared in this work on updating the
parameters of a Diazepam population PBPK model. The two

software tools produced almost identical parameter estimates
and both exhibited very good individual and population fits.
Taking into account that GNU MCSim’s is based on univari-
ate modeling, it was shown that multivariate distributional
assumptions of Stan are superfluous on PBPK parameter es-
timation problems where there is either strong prior infor-
mation or many data available at the individual level. It was
also observed that centered parameterization is better suited
than non-centered parameterization in this kind of parame-
ter estimation problems. The goodness-of-fit of the model
was not affected by the change in the posterior results of
the correlation matrix, which was completely dependent on
the prior, indicating the lack of information about parame-
ter correlation in the data. Stan was very efficient in terms
of the effective sample size Neff, which in all but two pa-
rameters was equal to the total number of samples. How-
ever, GNU MCSim converged much faster and outperformed
Stan in the overall computation efficiency Neff/s metric. The
model building phase was found to be more user-friendly for
Stan due to its HMC-specific diagnostic tools that alert the
user for potential biases that are included in the final model.
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A Coefficients of organ weight polynomials for humans

Table 4 Coefficients of organ weight polynomials for male humans
[25].

Tissue X0 X1 X2 X3 X4 X5

Muscle 9.61e-02 -4.88e-06 3.05e-10 -3.62e-15 1.22e-20 0.00
Adipose 3.95e-02 1.59e-05 -6.99e-10 1.09e-14 -5.26e-20 0.00
Gonads 1.67e-04 6.20e-10 -6.54e-13 2.48e-17 -2.85e-22 1.03e-27
Skin 1.07e-01 -3.26e-06 6.11e-11 -5.43e-16 1.83e-21 0.00
Heart 8.53e-03 -4.07e-07 1.40e-11 -1.90e-16 1.05e-21 -1.94e-27
Brain 1.19e-01 -3.51e-06 4.28e-11 -1.82e-16 0.00 0.00
Kidney 7.31e-03 -8.29e-08 5.71e-13 0.00 0.00 0.00
Stomach 1.88e-03 8.76e-08 -2.52e-12 1.86e-17 0.00 0.00
Splachnic 1.74e-02 -5.30e-07 1.18e-11 -6.74e-17 0.00 0.00
Lung 1.67e-02 -9.96e-08 -1.09e-13 1.13e-17 0.00 0.00
Liver 3.49e-02 -3.23e-07 2.13e-12 0.00 0.00 0.00
Arterial Blood 3.66e-02 -3.44e-07 5.00e-12 -2.59e-17 0.00 0.00
Venous Blood 5.49e-02 -5.15e-07 7.50e-12 -3.87e-17 0.00 0.00

Table 5 Coefficients of organ weight polynomials for female humans
[25].

Tissue X0 X1 X2 X3 X4 X5

Muscle 1.17e-01 -3.59e-06 3.19e-10 -3.55e-15 -7.58e-22 0.00
Adipose 5.91e-02 1.20e-05 -5.80e-10 1.12e-14 -6.36e-20 0.00
Gonads 1.94e-04 -8.32e-09 3.15e-13 0.00 0.00 0.00
Skin 9.54e-02 -1.70e-06 -1.64e-13 2.64e-16 -1.49e-21 0.00
Heart 5.72e-03 -1.02e-07 2.53e-12 -2.71e-17 9.29e-23 0.00
Brain 1.12e-01 -3.33e-06 4.04e-11 -1.70e-16 0.00 0.00
Kidney 8.04e-03 -1.38e-07 2.19e-12 -1.34e-17 0.00 0.00
Stomach 1.88e-03 8.76e-08 -2.52e-12 1.86e-17 0.00 0.00
Splachnic 1.89e-02 -6.62e-07 1.56e-11 -9.87e-17 0.00 0.00
Lung 1.74e-02 -7.14e-08 -6.78e-14 0.00 0.00 0.00
Liver 3.59e-02 -4.76e-07 8.50e-12 -5.45e-17 0.00 0.00
Arterial Blood 3.66e-02 -3.44e-07 5.00e-12 -2.59e-17 0.00 0.00
Venous Blood 5.49e-02 -5.15e-07 7.50e-12 -3.87e-17 0.00 0.00
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B Posterior estimates

Table 6: Posterior estimates obtained with Stan. Indices [1], [2] and [3] correspond
to CLint, f K p and K pAD respectively. Omega (variance-covariance matrix) was not a
model parameter; it was generated indirectly through the generated quantities block
using the samples of the correlation matrix, C, and the samples of the standard devia-
tion, s.

parameter mean se mean sd 2.5 % 25% 50% 75% 97.5% Neff R̂

sigma 0.282 0.0001 0.012 0.259 0.273 0.281 0.290 0.306 20000 1
mu[1] 4.563 0.0004 0.054 4.455 4.527 4.563 4.598 4.669 20000 1
mu[2] -1.770 0.0013 0.178 -2.128 -1.886 -1.769 -1.654 -1.423 20000 1
mu[3] 1.368 0.0005 0.078 1.209 1.318 1.370 1.421 1.516 20000 1
s[1] 0.222 0.0003 0.046 0.146 0.190 0.217 0.248 0.325 20000 1
s[2] 0.746 0.0012 0.146 0.507 0.644 0.729 0.831 1.078 14265 1
s[3] 0.395 0.0005 0.077 0.270 0.341 0.387 0.440 0.569 20000 1
C[1,1] 1.000 0.0001 0.000 1.000 1.000 1.000 1.000 1.000 20000 1
C[1,2] 0.131 0.0011 0.152 -0.173 0.030 0.134 0.235 0.421 20000 1
C[1,3] 0.144 0.0011 0.151 -0.157 0.043 0.146 0.249 0.430 20000 1
C[2,1] 0.131 0.0011 0.152 -0.173 0.030 0.134 0.235 0.421 20000 1
C[2,2] 1.000 0.00011 0.000 1.000 1.000 1.000 1.000 1.000 20000 1
C[2,3] 0.187 0.0011 0.152 -0.119 0.086 0.192 0.293 0.475 20000 1
C[3,1] 0.144 0.0011 0.151 -0.157 0.043 0.146 0.249 0.430 20000 1
C[3,2] 0.187 0.0011 0.152 -0.119 0.086 0.192 0.293 0.475 20000 1
C[3,3] 1.000 0.0001 0.000 1.000 1.000 1.000 1.000 1.000 18831 1
Omega[1,1] 0.051 0.0002 0.022 0.021 0.036 0.047 0.062 0.106 20000 1
Omega[1,2] 0.021 0.0002 0.027 -0.031 0.005 0.020 0.037 0.079 20000 1
Omega[1,3] 0.012 0.0001 0.014 -0.015 0.003 0.012 0.021 0.042 20000 1
Omega[2,1] 0.021 0.0002 0.027 -0.031 0.005 0.020 0.037 0.079 20000 1
Omega[2,2] 0.578 0.0020 0.235 0.257 0.415 0.532 0.690 1.162 14221 1
Omega[2,3] 0.053 0.0003 0.048 -0.039 0.023 0.052 0.081 0.156 20000 1
Omega[3,1] 0.012 0.0001 0.014 -0.015 0.003 0.012 0.021 0.042 20000 1
Omega[3,2] 0.053 0.0003 0.048 -0.039 0.023 0.052 0.081 0.156 20000 1
Omega[3,3] 0.162 0.0005 0.066 0.073 0.116 0.149 0.193 0.323 20000 1
theta tr[1,1] 4.529 0.0008 0.110 4.296 4.459 4.535 4.605 4.729 20000 1
theta tr[1,2] -1.740 0.0020 0.278 -2.336 -1.914 -1.725 -1.549 -1.242 20000 1
theta tr[1,3] 1.342 0.0010 0.147 1.055 1.242 1.341 1.441 1.631 20000 1
theta tr[2,1] 4.908 0.0008 0.113 4.669 4.837 4.914 4.985 5.110 20000 1
theta tr[2,2] -0.754 0.0018 0.254 -1.295 -0.915 -0.742 -0.579 -0.293 20000 1
theta tr[2,3] 2.063 0.0014 0.193 1.697 1.935 2.057 2.189 2.454 20000 1
theta tr[3,1] 4.483 0.0007 0.103 4.270 4.417 4.487 4.553 4.672 20000 1
theta tr[3,2] -2.061 0.0024 0.339 -2.764 -2.276 -2.044 -1.829 -1.441 20000 1
theta tr[3,3] 1.767 0.0010 0.135 1.508 1.676 1.764 1.856 2.039 20000 1
theta tr[4,1] 4.286 0.0006 0.088 4.110 4.228 4.287 4.346 4.456 20000 1
theta tr[4,2] -2.411 0.0026 0.361 -3.220 -2.626 -2.374 -2.160 -1.796 20000 1
theta tr[4,3] 0.954 0.0010 0.144 0.662 0.859 0.957 1.051 1.227 20000 1
theta tr[5,1] 4.508 0.0007 0.093 4.318 4.449 4.510 4.572 4.682 20000 1
theta tr[5,2] -2.926 0.0022 0.304 -3.584 -3.116 -2.905 -2.718 -2.384 20000 1
theta tr[5,3] 1.666 0.0009 0.128 1.420 1.578 1.665 1.752 1.919 20000 1
theta tr[6,1] 4.704 0.0007 0.102 4.492 4.639 4.707 4.773 4.896 20000 1
theta tr[6,2] -2.017 0.0020 0.284 -2.618 -2.199 -2.003 -1.822 -1.494 20000 1
theta tr[6,3] 1.565 0.0010 0.145 1.285 1.468 1.561 1.660 1.860 20000 1
theta tr[7,1] 4.706 0.0009 0.122 4.451 4.628 4.712 4.790 4.927 20000 1
theta tr[7,2] -1.536 0.0022 0.318 -2.203 -1.737 -1.523 -1.318 -0.948 20000 1
theta tr[7,3] 1.650 0.0011 0.150 1.363 1.548 1.647 1.750 1.947 20000 1
theta tr[8,1] 4.701 0.0007 0.095 4.507 4.638 4.704 4.767 4.880 20000 1
theta tr[8,2] -2.295 0.0033 0.461 -3.266 -2.583 -2.276 -1.981 -1.450 20000 1
theta tr[8,3] 1.180 0.0009 0.128 0.934 1.094 1.178 1.265 1.438 20000 1
theta tr[9,1] 4.549 0.0006 0.089 4.367 4.491 4.550 4.609 4.718 20000 1
theta tr[9,2] -2.188 0.0026 0.371 -2.989 -2.415 -2.166 -1.932 -1.518 20000 1
theta tr[9,3] 1.413 0.0009 0.128 1.165 1.327 1.411 1.498 1.669 20000 1
theta tr[10,1] 4.295 0.0006 0.087 4.121 4.238 4.297 4.354 4.461 20000 1
theta tr[10,2] -2.453 0.0025 0.347 -3.204 -2.664 -2.424 -2.212 -1.852 20000 1
theta tr[10,3] 1.157 0.0009 0.133 0.891 1.068 1.159 1.247 1.413 20000 1



16 Periklis Tsiros et al.

theta tr[11,1] 4.788 0.0007 0.104 4.576 4.721 4.792 4.859 4.982 20000 1
theta tr[11,2] -1.952 0.0030 0.426 -2.916 -2.198 -1.911 -1.660 -1.243 20000 1
theta tr[11,3] 1.223 0.0010 0.141 0.953 1.125 1.221 1.316 1.510 20000 1
theta tr[12,1] 4.196 0.0007 0.097 3.995 4.133 4.198 4.263 4.379 20000 1
theta tr[12,2] -2.830 0.0031 0.434 -3.795 -3.089 -2.788 -2.528 -2.103 20000 1
theta tr[12,3] 0.896 0.0009 0.120 0.664 0.815 0.895 0.976 1.135 20000 1
theta tr[13,1] 4.437 0.0006 0.079 4.278 4.384 4.437 4.489 4.591 20000 1
theta tr[13,2] -2.330 0.0032 0.456 -3.389 -2.582 -2.275 -2.013 -1.598 20000 1
theta tr[13,3] 0.582 0.0011 0.152 0.268 0.484 0.590 0.686 0.863 20000 1
theta tr[14,1] 4.550 0.0006 0.085 4.383 4.494 4.550 4.608 4.711 20000 1
theta tr[14,2] -1.838 0.0032 0.447 -2.869 -2.089 -1.784 -1.529 -1.111 20000 1
theta tr[14,3] 1.330 0.0011 0.156 1.007 1.234 1.337 1.436 1.617 20000 1
theta tr[15,1] 4.647 0.0008 0.115 4.406 4.576 4.653 4.727 4.858 20000 1
theta tr[15,2] -0.888 0.0023 0.327 -1.578 -1.099 -0.871 -0.663 -0.292 20000 1
theta tr[15,3] 1.955 0.0016 0.223 1.471 1.822 1.971 2.107 2.353 20000 1
theta tr[16,1] 4.813 0.0011 0.155 4.484 4.714 4.821 4.922 5.091 20000 1
theta tr[16,2] -1.829 0.0027 0.385 -2.682 -2.059 -1.801 -1.563 -1.167 20000 1
theta tr[16,3] 1.619 0.0012 0.163 1.308 1.506 1.616 1.727 1.947 20000 1
theta tr[17,1] 4.412 0.0008 0.112 4.178 4.340 4.418 4.489 4.618 20000 1
theta tr[17,2] -1.532 0.0028 0.389 -2.378 -1.765 -1.500 -1.261 -0.860 20000 1
theta tr[17,3] 1.531 0.0011 0.162 1.193 1.429 1.537 1.640 1.833 20000 1
theta tr[18,1] 4.673 0.0009 0.121 4.417 4.597 4.679 4.757 4.895 20000 1
theta tr[18,2] -1.558 0.0026 0.362 -2.340 -1.778 -1.531 -1.309 -0.929 20000 1
theta tr[18,3] 1.506 0.0011 0.159 1.191 1.400 1.506 1.613 1.820 20000 1
theta tr[19,1] 4.749 0.0006 0.084 4.583 4.693 4.750 4.805 4.913 20000 1
theta tr[19,2] -1.895 0.0030 0.427 -2.878 -2.135 -1.851 -1.602 -1.182 20000 1
theta tr[19,3] 1.111 0.0010 0.146 0.813 1.016 1.114 1.210 1.389 20000 1
theta tr[20,1] 4.339 0.0007 0.099 4.134 4.275 4.342 4.407 4.526 20000 1
theta tr[20,2] -0.889 0.0017 0.243 -1.372 -1.053 -0.884 -0.724 -0.417 20000 1
theta tr[20,3] 1.468 0.0021 0.294 0.791 1.302 1.502 1.670 1.955 20000 1
theta tr[21,1] 4.529 0.0009 0.127 4.261 4.449 4.537 4.619 4.755 20000 1
theta tr[21,2] -1.731 0.0026 0.369 -2.535 -1.951 -1.707 -1.478 -1.078 20000 1
theta tr[21,3] 1.662 0.0010 0.147 1.377 1.562 1.662 1.760 1.955 20000 1
theta tr[22,1] 4.653 0.0010 0.147 4.343 4.558 4.660 4.757 4.918 20000 1
theta tr[22,2] -0.455 0.0020 0.279 -1.038 -0.634 -0.441 -0.265 0.063 20000 1
theta tr[22,3] 1.657 0.0016 0.223 1.177 1.517 1.669 1.810 2.060 20000 1
theta tr[23,1] 4.613 0.0011 0.161 4.274 4.513 4.623 4.723 4.904 20000 1
theta tr[23,2] -1.185 0.0024 0.333 -1.895 -1.396 -1.164 -0.955 -0.589 20000 1
theta tr[23,3] 1.643 0.0012 0.169 1.297 1.533 1.648 1.758 1.962 20000 1

Table 7: Posterior estimates obtained with GNU MCSim. Indices [1], [2] and [3] cor-
respond to CLint, f K p and K pAD respectively.

parameter mean se mean sd 2.5 % 25% 50% 75% 97.5% Neff R̂

sigma(geometric) 1.327 0.0003 0.016 1.296 1.317 1.327 1.338 1.361 2095 1.002
mu[1] 4.560 0.0012 0.053 4.453 4.525 4.560 4.595 4.663 2444 1.002
mu[2] -1.743 0.0037 0.179 -2.100 -1.857 -1.740 -1.625 -1.392 2130 1.002
mu[3] 1.361 0.0017 0.079 1.195 1.311 1.364 1.413 1.513 1221 1.004
s[1] 0.223 0.0013 0.046 0.146 0.190 0.218 0.252 0.327 1375 1.007
s[2] 0.760 0.0042 0.153 0.509 0.653 0.740 0.847 1.114 1349 1.000
s[3] 0.410 0.0022 0.080 0.279 0.353 0.400 0.458 0.598 2353 1.005
theta tr[1,1] 4.527 0.0021 0.108 4.303 4.456 4.530 4.599 4.733 2840 1.001
theta tr[1,2] -1.735 0.0051 0.290 -2.361 -1.920 -1.714 -1.528 -1.219 3318 1.001
theta tr[1,3] 1.334 0.0027 0.152 1.038 1.235 1.335 1.440 1.628 3210 1.000
theta tr[2,1] 4.892 0.0025 0.117 4.645 4.821 4.898 4.970 5.101 2187 1.001
theta tr[2,2] -0.808 0.0051 0.274 -1.408 -0.987 -0.787 -0.622 -0.327 2885 1.002
theta tr[2,3] 2.053 0.0041 0.194 1.672 1.924 2.050 2.178 2.435 2196 1.002
theta tr[3,1] 4.472 0.0020 0.106 4.253 4.403 4.478 4.543 4.669 2759 1.001
theta tr[3,2] -2.109 0.0060 0.348 -2.842 -2.329 -2.097 -1.876 -1.476 3417 1.000
theta tr[3,3] 1.776 0.0024 0.134 1.515 1.685 1.778 1.867 2.041 3005 1.002
theta tr[4,1] 4.292 0.0020 0.091 4.110 4.230 4.293 4.357 4.468 2159 1.004
theta tr[4,2] -2.362 0.0069 0.353 -3.136 -2.570 -2.336 -2.111 -1.750 2691 1.001
theta tr[4,3] 0.962 0.0029 0.148 0.661 0.866 0.964 1.063 1.242 2682 1.002
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theta tr[5,1] 4.505 0.0019 0.095 4.309 4.443 4.509 4.571 4.683 2682 1.001
theta tr[5,2] -2.940 0.0065 0.316 -3.648 -3.132 -2.916 -2.724 -2.383 2449 1.002
theta tr[5,3] 1.680 0.0025 0.132 1.434 1.591 1.677 1.766 1.949 2804 1.002
theta tr[6,1] 4.702 0.0020 0.104 4.485 4.634 4.707 4.772 4.900 2796 1.005
theta tr[6,2] -2.035 0.0051 0.280 -2.612 -2.213 -2.025 -1.846 -1.519 3184 1.002
theta tr[6,3] 1.563 0.0028 0.145 1.286 1.465 1.559 1.662 1.850 3013 1.002
theta tr[7,1] 4.701 0.0025 0.123 4.445 4.622 4.710 4.785 4.921 2503 1.002
theta tr[7,2] -1.553 0.0057 0.318 -2.215 -1.758 -1.541 -1.329 -0.961 3169 1.001
theta tr[7,3] 1.649 0.0029 0.154 1.347 1.548 1.647 1.752 1.953 2727 1.002
theta tr[8,1] 4.708 0.0017 0.097 4.503 4.649 4.712 4.772 4.893 3061 1.001
theta tr[8,2] -2.314 0.0086 0.467 -3.287 -2.611 -2.293 -1.989 -1.460 2914 1.000
theta tr[8,3] 1.179 0.0022 0.129 0.935 1.089 1.176 1.266 1.439 3544 1.000
theta tr[9,1] 4.550 0.0016 0.088 4.366 4.493 4.554 4.611 4.713 3071 1.001
theta tr[9,2] -2.213 0.0064 0.369 -3.019 -2.430 -2.192 -1.966 -1.545 3381 1.000
theta tr[9,3] 1.414 0.0022 0.128 1.166 1.327 1.413 1.499 1.668 3460 1.001
theta tr[10,1] 4.297 0.0017 0.088 4.123 4.239 4.298 4.359 4.468 2708 1.003
theta tr[10,2] -2.440 0.0065 0.342 -3.189 -2.644 -2.412 -2.210 -1.842 2805 1.003
theta tr[10,3] 1.169 0.0026 0.139 0.891 1.074 1.171 1.261 1.434 2749 1.003
theta tr[11,1] 4.792 0.0020 0.106 4.576 4.722 4.798 4.865 4.992 2690 1.002
theta tr[11,2] -1.989 0.0080 0.431 -2.952 -2.248 -1.934 -1.686 -1.285 2938 1.002
theta tr[11,3] 1.210 0.0025 0.140 0.945 1.117 1.205 1.302 1.496 3087 1.002
theta tr[12,1] 4.206 0.0020 0.100 4.000 4.141 4.211 4.276 4.395 2513 1.002
theta tr[12,2] -2.770 0.0080 0.416 -3.685 -3.017 -2.734 -2.477 -2.055 2712 1.001
theta tr[12,3] 0.907 0.0023 0.123 0.670 0.824 0.906 0.993 1.144 2870 1.000
theta tr[13,1] 4.445 0.0016 0.081 4.284 4.392 4.446 4.500 4.599 2374 1.003
theta tr[13,2] -2.225 0.0100 0.436 -3.240 -2.460 -2.173 -1.921 -1.519 1907 1.003
theta tr[13,3] 0.570 0.0042 0.158 0.245 0.472 0.575 0.675 0.873 1492 1.003
theta tr[14,1] 4.548 0.0016 0.083 4.383 4.491 4.547 4.604 4.705 2816 1.001
theta tr[14,2] -1.850 0.0107 0.485 -2.987 -2.104 -1.789 -1.506 -1.065 2034 1.002
theta tr[14,3] 1.327 0.0035 0.165 0.975 1.225 1.336 1.436 1.634 2279 1.002
theta tr[15,1] 4.624 0.0022 0.119 4.377 4.551 4.627 4.706 4.840 2949 1.001
theta tr[15,2] -0.918 0.0081 0.347 -1.660 -1.138 -0.900 -0.684 -0.297 1796 1.002
theta tr[15,3] 1.963 0.0062 0.233 1.454 1.826 1.987 2.120 2.371 1446 1.003
theta tr[16,1] 4.814 0.0036 0.157 4.478 4.720 4.825 4.927 5.089 1895 1.001
theta tr[16,2] -1.888 0.0073 0.406 -2.780 -2.133 -1.857 -1.601 -1.182 3056 1.001
theta tr[16,3] 1.614 0.0036 0.165 1.296 1.501 1.612 1.722 1.939 2139 1.001
theta tr[17,1] 4.402 0.0022 0.114 4.163 4.332 4.408 4.478 4.607 2715 1.002
theta tr[17,2] -1.520 0.0081 0.391 -2.347 -1.767 -1.485 -1.258 -0.842 2376 1.001
theta tr[17,3] 1.535 0.0033 0.170 1.167 1.432 1.544 1.650 1.845 2563 1.002
theta tr[18,1] 4.669 0.0023 0.120 4.424 4.591 4.675 4.751 4.891 2708 1.002
theta tr[18,2] -1.569 0.0065 0.373 -2.379 -1.804 -1.540 -1.307 -0.912 3413 1.001
theta tr[18,3] 1.496 0.0034 0.167 1.163 1.388 1.500 1.609 1.818 2500 1.004
theta tr[19,1] 4.750 0.0017 0.085 4.577 4.693 4.752 4.806 4.915 2528 1.001
theta tr[19,2] -1.874 0.0088 0.430 -2.873 -2.123 -1.823 -1.589 -1.171 2527 1.002
theta tr[19,3] 1.094 0.0030 0.152 0.777 0.994 1.100 1.195 1.374 2629 1.002
theta tr[20,1] 4.326 0.0020 0.099 4.127 4.260 4.328 4.393 4.515 2609 1.002
theta tr[20,2] -0.870 0.0065 0.243 -1.358 -1.038 -0.863 -0.706 -0.411 1366 1.001
theta tr[20,3] 1.445 0.0086 0.309 0.731 1.269 1.475 1.665 1.959 1254 1.003
theta tr[21,1] 4.513 0.0028 0.136 4.224 4.428 4.519 4.606 4.763 2300 1.003
theta tr[21,2] -1.748 0.0067 0.378 -2.563 -1.976 -1.719 -1.489 -1.098 3113 1.002
theta tr[21,3] 1.671 0.0031 0.152 1.377 1.568 1.671 1.773 1.972 2424 1.002
theta tr[22,1] 4.633 0.0030 0.155 4.307 4.534 4.642 4.743 4.906 2643 1.001
theta tr[22,2] -0.438 0.0068 0.288 -1.045 -0.624 -0.426 -0.236 0.090 1769 1.001
theta tr[22,3] 1.623 0.0059 0.241 1.085 1.474 1.641 1.785 2.053 1686 1.002
theta tr[23,1] 4.591 0.0034 0.167 4.232 4.487 4.600 4.704 4.894 2571 1.003
theta tr[23,2] -1.201 0.0066 0.333 -1.923 -1.404 -1.188 -0.980 -0.598 2547 1.001
theta tr[23,3] 1.647 0.0042 0.176 1.290 1.529 1.654 1.773 1.976 1939 1.003
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C Impact of LKJ prior on computational efficiency

Table 8 Computational efficiency for different values of the shape parameter a of the LKJ prior.

a time (s) Neff Neffmin Neff/s Neffmin/s

0.5 5760 18537.29 6410 3.22 1.11
1 6000 18160.41 6465 3.03 1.08
2 5500 19193.47 10410 3.49 1.89
5 5465 19475.82 10460 3.56 1.91
10 5500 19985.18 17350 3.63 3.16
15 5400 19920.41 16240 3.69 3.00
20 5500 19839.59 12290 3.61 2.23
40 5450 19747.41 14205 3.62 2.61
50 5400 19903.88 15270 3.69 2.83
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